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By JohnC. Sanders

Equationsweredevelopedforthetorsionalmotionofa gas-turbine
enginegearedtoa helicopterrotorinwhichtherotorbkdes were
hingedtotherotorshaft.Therotorsystemwassimplifiedtoyield
simplethird-orderequationsthatcanbe usedintheanalysisofengine
control.Comparisonofthesystemresponsecalculatedfromtheseequa-
tionswiththeexperimentallyobservedfrequencyresponseofa rotor
froma 2500-poundheMcoptershowedsatisfactoryagreement.

Calculationsshowedthatthetorsionalmotionarisingfromthe
hingedconstructionofthebladescontributedtothetistahilityofthe
engine-speedandengine-torquecontrols.Trendsin stabiMtyandre-
sponseof controlswithincreasingweightofhelicopterswere
investigated.

INTRODUCTION

Investigationofthecontrolofthespeedofa gasturbinegeared
toa propellerisshowninreference1 to involvetheproblemof
controllingthespeedofa singlerotatingbodywithdampingforces
fromtheengineandthepropeller.Whenthepropellerisreplacedby
a helicopterrotor,however,torsionalfl-bilitybetweenthegastur-
bineandthehelicopterrotormaybe sufficienttoestablishtorsionsl
oscillations. Inthiscase,thetorsionaloscillationmaycontribute
anunstabilizinginfluencetotheen@ne control.

Thetorsionalflexibili~inthehelicopterrotorarisesfromtwo
sources:First,thelongandhighlystresseddriveshaftpermitscon-
siderabletwisting;andsecond,inmanyrotorsthebladesarefastened
tothehubby laghinges,which,as showninfigure1,permittheblades
to swingrelativetothehtiintheplaneofrotation.Centrifugal
forcetendstoholdthebladesina radialposition,whileaerodynamic
dragforcestendtomakethebladesfallbehinda radialposition.

—...--—— .— ..—~— —
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Thetorsionaloscillatimsofa rotorframa mall helicopter(2500
lb grosswt)weremeasuredandarereportedinreference2. Thedata
revealeda badlyunderdampedresonanceat 7.9radianspersecond,which
isa lowenoughfrequencyto influencetheactionoftheenginecontrol.

Theinvestigationreportedhereinwasconductedat theNACALewis
laboratoryto determinewhetherthetorsionaloscillationsinhelicopter
rotorshavea detrtientaleffectonthecontrolofgas-turbineengines
towhichtheyaregeared.Theinvestigationwas madeby firstestab-
lishingdifferentialequationsofmotionoftherotorandthenverifying
theequationsby comparingthecalculatedresultswiththeobservedos-
cillationsreportedinreference2.

Theeffects’ofhe~coptersizeandrotorweightonrotordynamics
wereinvestigated,andthecontrolcharacteristicsofa gas-turbine
engineina largehe~copterwerestudied.Thecontrolsystemscon-
sideredwerespeedandtorquecontrolby fuelflow.

SYMBOLS

Thefollowingsymbolsareusedinthisreport:

a radiusfromcenterofrotorshaftto draghinge,ft

b distancefromdraghingeto centerofgravityofrotorblade,
ft

c coefficientof characteristicequation

c &imensioningeometryofforcevectors,ft

c“g* centerofgravity

D coefficientin characteristicequation

d dimensionin geometryofforcevectors,ft

E coefficientof characteristicequation

e dimensioningeometryofforcevectors,ft

FD dragforce,lb

Fr centrifugalforce,lb

.

Ft tensileforce,lb

—
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f

G

hp

Ie

Ir

Kc

KL

ka

kb

kD

b

kr

k~

kw

kP

L

M

Ne

Fe

Nr

radiusatwhich Ft acts,ft

coefficientof characteristicequation

horsepowerofengine

inertiaof enginerotorandgearingatrotorshaftspeed,
lb-ftsec2

polarmomentofinertiaof
shsft,lb-ftsec2

gainof controlamplifier,

loopgainof control

rotorbladesaboutcenterofrotor

(lb/see)/(radians/see)

effectivesyringconstantoftorquerestoringrotorbladesto
radialpositionsft-lb/radian

torsionalspringrateofrotorshaft,ft-lb/radian

tiscous-dxagcoefficientofdampers,(ft-lb)(sec)/radian

rateof changeofenginetorquewithenginespeedat constant
fuelflow,(ft-lb)(sec)/radian

rateof changeofaerodynamictor e onrotorwithchangein
rrotorbladespeed,(ft-lb)(sec)radian

effectivespringratebetweene@ne androtorblades,
ft-lb/radian

rateof changeof enginetorquewithfuelflow,ft-lb/(lb
fuel/see)

rateof changeofaerodynamictorquewithchangein rotor
pitchat constantrotorbladespeed,ft-lb/radian

liftorgrossweightofhelicopter,lb

massofrotorblades,(lb)(sec2)/ft

amplitudeofenginespeedvariation,radians/see

enginespeed,radians/6ec

amplitudeofrotorspeedvsx’iationmeasuredat centersof
gravityofrotorblades,radians/see

.-. —- —c .— — — --- —-——— .— ——-



rotorangularvelocity
blades,radians/see

slopeof steady-state,

symbolfor d/dt

ITACA!l?IV3027

measuredat centersof gravityofrotor

speed. fuel-fluwcharacteristic

amplitudeoftorqueforcedevelopedby damper,

smplitudeofengine-torquevariation,ft-1~

smplitudeofrotor-torquevariation,ft-lb

ft-lb

amplitudeofs~t-torquevariation,ft-lh

radiustotipofrotor,ft

amplitudeoffuel-flowvariation,lb/see

smplitudeof

smplitudeof

amplitudeof
ofrotorshaft,radians

changeinsteady-statevalueofdragangleatconstantrotor
speedfo3J_owingchangeinrotorpitch,radians

angulartwistofrotorshaft,radians

rotor-pitchvm?iation,radians

angularmotionofrotorbladesrebtiveto center

amplitudeofangulardeflectionbetweenengineandhelicopter
rotorblades,radians

time constantoffuelsystem,sec

timeconstantofderivativeactionof control,sec

en@ne timeconstant,sec

timeconstantofintegratoractionof control,sec

rotor-bladetimeconstant,1#-~, sec

frequencyofsinusoidaldisturb~ceinrotorpitch,radians/see
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% _ed naturalfrequencyofengine-rotorsystem, radians/see

+ torsionalpendulumfrequencyofrotor,
r
-B
~ radians/see

EQU&!l!IONSOFMOTIONFORRCYIX31?

Inthissectionofthereport,a simplifiedmodeloftherotor-
enginesystemisdevelopedandthelineardifferential.equationsof
motionareestablished.Theimportanttransferfunctionsarepresented
andexsmined.

SimpMiedModelofRotor

Amcdeloftherotorwasusedto obtainequationsshpleenoughto
be easilyrepresentedby an electronicanalog.Morecompletestatements
ofrotor-blademotionduringforwardflight,includingtheflexibility
oftherotor-bearingmounts,appearin standardtexts,suchasrefer-
ence 3. Theyaretooccmplexforusein controlstudybutcould,per-
haps,be shplified.

Thearticulatedrotorsystemoffigure1 wasconsideredto consist
oftwocosxialbodiesinpurerotation,coupledby a torsionsd.spring
ontheaxis.Thismodelis illustratedinfigure2. Theen@ne-rotor
inertiaisrepresentedas Ie andtheinertiaofthearticulatedblades
abouttherotorshaftisrepresentedas Ir. Thespringhasa stiffness
composedoftwoterms:thetorsionalstiffnessofthedriveshaftand
a stiffnesscorrespondingtothecentrifugalforcethattendstorestore
therotorbladesto radialpositions.

Considerfirstthebalanceoftorquesontheengineinfigure2:

(1)

Theaerodynamictorque~ deliveredbytheenginetotherotating
systemis

The torqueQ6 oftheequivalentspringis

(3)

. . ..— —— .——— —
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where

J’e= (Ife-l?r)

Thetorque~ developedby thedamperis

~=-kD (Ile-Nr) =

Substitutingthevalues
gives

IedNe/dt=

Thetorqueequationfor

NACATN 3027

(4)

(5)dt

-kDd~/dt (6)

QD intoequation(1)

- kD d@dt (7)

therotoris similarlyderived.Theaero-
dynamictorqueontherotoris

%=kp~+~r

Therotor-torqueequationbecomes

IrdNr/dt= kP~+ k#r -

Equations(7)and(9)csmbereduced
formbydividingbyId. Theresultant

kse+ kD de/dt“

toa convenient
equationcanbe

(8)

(9)

dimensionless
expressedin

termsoftimeconstants‘e and Zr. Equation(7)becomes

(10)

andequation(9)becanes

Thereductionofequations(7)and(9)todimensionlessformhas
reducedthenumberof coefficientstobe investigated.Inequations(7)
and(9],thecoefficientsare
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whereasinthedimensionlessequationthecoefficientsare

Ir
——

Thus,thenuniberof coefficientshavebeenreducedto six. Theeffects
ofonlythefirstthreesreexploredinthispaper.

Equations(5),(7),and(9)definethemotionoftheengine-rotor
systemasfunctionsoffuel-flawdisturbancesW androtor-pitchdis.
turbance~. Thecoefficientkw istheslopeofthetorque- fuel-
flowcharacteristicoftheengineat constantspeed.Simikrlyjke is
theslopeoftheengine-torque- speedcharacteristicat constantfuel
flow,kp istheslopeoftherotor-torque- pitchcharacteristicat
co~t~t speed,~d kr istheslopeoftherotor-torque- speedchar-
acteristicat constantpitch.Thesystemofequations(5),(7),and(9)
thereforeconstitutesa linearizationofthemotionoftheengineand
rotor.Sucha Unearizedrepresentationisapplicableto mnallexcw-
sionsfroma steady-stateconditionandisusefulforstudyof control
stability.

Thesystemof equations(5),(7),and(9)or equations(5),(10),
and(11)canbe simulateddirectlyby electronicanalogandtherefore
representstheextenttowhichtheequationsneedbe developed.Selution
oftheseequationsto givetransferfunctionsamongtheinputsandout-
putswill,however,yieldusefulinformation,becausecertainproperties
oftheumtioncanbe revealedby inspectionoftheequations.

TransferFunctions

Theequations(5),(7),and(9}canbe
showingtheresponseof I?rto W. Ifthe
representedas p, thisequationappearsas

pkD- k~

solvedtoyieldan e uation
7derivativesymbold dt is

follows:

— —
‘r = k@ (12)

p3C+p2D+pE+G

when C,D,E, and G areconstantshavingthefollowingvalues:

C=IeIr

D = -Iekr- I#e + IekD+ l#D

1
E = -I#cs+ k+s - Ieks- k#D - k.#D

G= kske+ kskr J
(13)

_— . . —.-
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Theremainingfivetransfer
butdifferentnumerators.

Nr =

ITe=

Ne

These

p21e+

NACATN 3027

functionshavethesamedenominator,
transferfunctionsare:

P(kD- ke)- ks
kp~ (14)

P3C+P2D+PE+G

p21r+p(kD-~) -k.
k$ (15)

P3C+P2D+PE+G

pkD- k~
k#p3C+P?O+PE+G

e=
Pq-kr

M
P3C+p2D+pE+G

-pie+ ke
kp$‘=p3c+p2D+pE+G

(16)

(17]

(18)

Inspectionofthedenczainatorwill.,amongotherthings,revealthe
undampednaturalfrequency~ W thependulumfrequency~ ofthe
rotor.E theener~dissipatingcoefficientske,~, and kD equal
zero,thedenominatorbecomes:

p3(IeIr) +P2(0)- P(I#s + Ieks)+ O

Equatingthistermto zerogivesthecharacteristicequation:

p2(IeIr)- (Ie+Ir)ks=

Theundampednaturalfrequencyis

(19)

o (20)

IftheengineinertiaIe isincreasedto

(21)

infinity,theundamped
naturalfrequencybecomesthependulumfrequencyoftherotorin
torsion:

J
q= $ (22)

r
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Thesteady-stategainsbetweeninputsandoutputsarereadily
obtainedframthetransferfunctionby evaluatingthetransferfunction
at zerofrequency;thisisdoneby factoringthenumeratorsanddenomi-
natorssothattheirlasttermsareequaltounity.An hportantgain
usedinthisreportisthegainofenginespeedtodisturbanceinfuel
fluw:

()Me kw
~SS=-ke-kr (23)

Thisgainisneededinanalysisof controlsystemsinvolvingspeedand
fuelflow.

SOLUTIONOFEQUATIOIVSOFMOTION

AnalogRepresentation

Solutionsoftheequationsofmotionweremadewiththehelpofan
electronicanalog.Inthissection,theanalogrepresentationusedis
presented,themanner?fextendingtherepresentationtofree-wheeling
turbinesisdiscussed,andthephysicalconstantsintheequationof
motionareevaluated.

Theanalogrepresentationchosenforinvestigationofcontrolis
a directrepresentationoftheelementaryequations(5),(7),and(9

\ratherthana constructionofthetransferfunctions(12),(14),(15,
(16),(17),and(18).Themethodchosenisthesimplerofthesetwo,
becauseitrequiresonlythreeintegrators(equalingthenumberof
energy-storageelements),anditrequiresthateachphysical.constant
be representedonlyonce.

A directrepresentationoftheequationsofmotionisshownin
figure3(a). Inthisfigure,thetransferfunctionsoftheboxesare
Indicated.Forexsmple,theboxcontainingkD isanamplifierwith
a gainnumericallyequalto kD,andtheblockwith l/I& iS an hte-

gratorwithauintegratorthe constantnumericallyequalto Ie. It
maybe seenthatthetoprowofboxesrepresentstheequationofmotion
involvingtheenginespeedITe;andthebottcmrow,therotorspeedIir.
Thesubtracterandtheboxmsrkedk8/p representequation(5),andthe
remainimgbox,markedkD,representsthedamper.

Therepresentationofa physicalsysteminan electronicanalogis
usuaUymadewithallphysical.constantsreducedtodimensionlessform.
Selectionofscalefactorsis simp~fied,andthenuniberofvariables
tobe studiedisreduced.Inthisstudy,thetimescalewascanceled

.— —.——- ————— —
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bymultiplying.hy therotorpendulumfrequency~. Theresultingaria.
logrepresentation,sho& infigure3(b),wasusedin studiessubse-
quentlypresentedinthisreport.Inmanyapplications,otherreduc-
tionsto&hnensionlessformmaybepreferable.

Whenthedimensionlessrepresentation~susedina controlstudy,
theloopgainofthecontrolintermsofthedimensiodessparameters
isneeded.!l!he.loopgain”ofthespeed- fuel-flowcontrolis consti-
tuted’asfollows:~“~

KL =
“kW

J
q%
.

(24)

In equation(24),theterm ~, whichisthegainofthecontrol,
hastits oftheratiooffuel-flowchangeto speedchange.Equation
(24)isproducedby reducingtheenginegain(eq.(23))todimensionless
formandmultiplyingby ~.

Inanalyzinga controlsystem,thesecondtermon
equation(24)isusuallyrepresentedby anamplifier.
alreadyrepresentedinfigure3(b).

therightsideof
Thefirsttermis

E2&ensiontoFree-WheelingTurbineDrives

Theanalysisandtheanalogrepresentationareeasilyextendedto
thecaseofthefree-wheelingturbinedrive.In thissystem,a gas-

turbineengineprovideshotgasathighpressuretoan independentdrive
turbinethatis gearedtotherotorshaft.me operatingconditionsof
thegas-turbineengineareapproximatelyindependentoftheloadapplied
tothedriveturbine.

Theanalogrepresentationoftherotoranditsfree-wheelingdrive
turbineismadeby a simplereplacementofthefuel-flowinputby the
twonewinputs,gaspressureandtemperaturetothedriveturbine.The
analogrepresentationoftheresponseofgaspressureandtemperature
tofuelflowsuppliedtothegasturbineistakenfromfigure4(b)of
reference4.

Evaluationof

Torsionalcoefficientks.-
and(9)thatposedifficultiesin

Physicalconstants

Coefficientsinequations(5),(7),
evaluationare ks and ~. b
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particular,thetorsionalelasticityk~
quacyoftheassumptionofpurerotation
which k~ canbe chosen.

U.

ishport&t,becausetheade-
dependsupontheaccuracywith

Thetotaltorsionaldeflectionamplitudeof thecenter ofgravity
ofa blade,relativetotheenginerotor,is 8. Thisdeflectionis
composedasfolluws:

e={+a {25}
..

where ~ istheamplitudeofangularmotionofthebladesand a is
theamplitudeoftwistofthedriveshaft.J90w

~ =Qs/ka (26)

a = Qs@b (27)

therefore, “

Infigure2,ks wasdefinedby the

Qs
ks.~

1)q,” (28)

relation’

(29)

Combiningequations(28)and(29)andeliminatingQs/t3yield

k~= ~ 1 ~ (30)

~+~

Thetorsionalelasticitykb oftheshaftiseasilydetermined;
evaluationoftherotordeflectionconstant& remainstobe
accomplished.

Thegeometryoftheforcevectorsactingona rotorbladeisshown
infigure4. Therotorbladeishingedtothehubat a distancea
fromthecenterofthedriveshaft.In steadyrotation,thecentrifugal
forceFr acting
holdthebb.deso
andthecenterof
maltotheradius
thetensileforce
allel,equal,and

throughthecenterof grati~yofthebladeattempts-to
thatitscenterofgravityisona linewiththehinge
therotorshaft.An aerodynamicdragforceFD nor-
causesthebladeto swingbacktoanangle ~ where
Ft alongtheaxisofthebladehasa ccmponentpar-
oppositeto thedragforce.

..— — _—.._. — —
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Now

and

Thedefinitionof ka is

Formall valuesof ~,

Hence

whence

A closeapprcudmationhavingmoreconvenientdimensicmsis

NACATN 3027

(31)

(32)

a- coefficient~. - Therotordampingcoefficient~ is
easilyfoundiftheshafthorsepowerin steadystateisknown.&e
definitionof kr is

()
Nkr=-— aq.~ (33)

wherethesubscriptindicatesthattherotorpitch B isheldconstant
whiletheslopeofthetorque-speedcurveis~easured.If consideration
isgivento thefact
tionaltothesquare

thatat constantrotorpitchthetorqueispropor-
oftherotorspeed,

kr = -2X550~ (34)
r
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Inthedimensionlessrepresentationoffigure3(b),therotortime
COXIS*t%r isused. Therotortimeconstantis

!tr Ir~
‘r’—=-1% 2%50 @

COMPARISONOFCALCULATEDAND~

OBSERVEDTORSIONALMOTION

(35)

A criticalccnnparisonoftorsionalmotioncalcuhtedbyuseof
equations(5),(7),(9),and(32)withexperimentalobservationis
necessary,becausetheseequationsarebaseduponapproxhations.
Experimentaldataofthetypeneededforthiscomparisonarecontained
inreference2.

Inreference2,measurementsofthetorsionaloscillatoryresponse
ofa helicopterrotortoa sinusoidaldisturbanceinrotorpitchare
reported.Thetestswereperformedona rotorfrana 2500-poundheli-
copter.5e rotorwasmountedona helicoptertesttoweranddrivenby
a 1350-horsepowerreciprocatingengine.Pertinentdetailsoftherotor
dimensionsandtestequipmentaregivenintableI. Thedatausedfor
comp~isoninthepresentreportarethedataforno oildampingshown
infigure2 ofreference2.

the
“the

CalculationofRotorMotion

Theanalogrepresentationoffigure3(b)wasusedin calculating
rotormotion.Thefollowingcoefficientsweredeterminedusing
data fromtableI:rCoefficient%

k~
kr

%

%0

Value
22)800 (ft-lb)(sec)/radiaz

-15,000ft-lb/radian
-263(ft-lb)(sec)/radiar

5.22radians/see
2.10sec
0.0913
1.34

0 (ft-lb)(sec)/radian

-...— —-— -- ..— — .- . ..—— — ___
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Theenginedampingterm ke (orTe) isnotreportedinreference2;
itthereforehadtobe eslilmated.Thisestimationwasmadeby assuming
theindicatedhorsepowerat constantthrottlesettingtobe independent
ofenginespeedandthefrictiontorqueoftheenginetobeproportional
tothesqusreoftheenginespeed?Inthetest,theengine,whichwas
operatedat55percentofthespeedformax5mmmpower,delivered9.6
percentofits~power. Thefrictionpowerwascamputedforthese
conditionsontheassumptionthatthefrictionwasin thesame~ro~or-
tionas thatinthePlfiouthengineshowninfigure
reference5. Thecomputationyieldedthefollowing

3Kl,page43,Gf
results:

kr=- 756(ft-lb)see/radian

‘e = 0.542sec

Hence,

ComparisontithExperimentalObservation

Thecalcuhtedandtheobsenedtorsionalmotionoftherotorare
comparedinfigure5 wheredrag-angleamplificationis shownasa func-
tionofthefrequencyofthesinusoidaldisturbanceinrotorpitch.
Thedrag-angleamplificationisdefinedastheratiooftheampli-
tudeofdrag-angleoscillation~ attheselecteddisturbancefre-
quency0 to thechangeinthesteady-statevalueofthedragangle
~SN at constantrotorspeedwhena changeinrotorpitchofthesame

“m~de astie~~tide ofthesinusoidaldisturbanceinpitchis
made. Therotor-pitchfrequency@ ismadedhensionlessby dividing

.by fi~,whichisconstantat 23radianspersecond.Thecirclesin-
dicatedatapointsreportedinreference2,andthecurveshowsthe
responsecomputedusingtheanalogrepresentationoffigure3(b).

Thedataareinexcellentagreementwiththeccmputedresponse.The
resonantfrequencyisincloseagreement- 0.35timestherotorspeed.
Thedamping,as indicatedby thedrag-angleamplificationfactorat res-
onance,showsmuchbetteragreementthancannormalJybe expectedin
viewoftheuncertaintiesinestimatingthedsmpingterms.

A disagreementbetweencalculatedandobservedresponseoccursat
highfrequency,abovea dimensionlessfrequencyof0.42.Theincreasing
divergencebetweencalculatedandobsenedresponseathigherfrequen-
ciesisinterpretedasan indicationthata systemofdifferential
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equationsof
(7),and(9)

higherthanthethirdorderrepresentedinequations(5),
isneeded,becausetherotorbladescanoscillateabout

theirowncentersofgravityinadditiontohavingtheircentersof
gravityoscillatearoundtherotorshaft.

Ingeneral,theagreementbetweencalculatedandobservedresponse
indicatesthatthedifferentialequations(5),(7),and(9)andtheana-
logrepresentationsinfigure3 willgivesatisfactoryresultsinthe
analysisofenginecontrol.Withverylargehelicopters(50,000lb
grosswt)havingheavyrotorblades,theresonantfrequencywill.beso
lowthattheerrorabovetheresonantfrequencymaybecomeserious.
Furtherinvestigationoftherepresentationofthefrequencyresponse
aboveresonanceandadditionalcarefulmeasurementofresponseinthis
frequency

As a
reference

raugeareneeded.

OtherReSp~SeBoftheRotorofReference2

matterofinterest,otherresponsesoftherotordescribedin
2 wereccmputed.Thefrequencyrespmsesofenginespeedand— —

rotorspeed(bladecentersofgravity)to sinusoidalchangesinrotor
—

pitchandthetransientresponsestoa stepchangeinrotorpitchwere
calculatedontheelectronicsmalog.Theseresponses are presentedin
figure6 intheformofphotographsofan oscilloscopescreen.

Thefrequencyresponsetorotorpitchdisturbanceis showninfig-
ure6(a).Theblade-angleinputinfigure3(b)wasexcitedby a sweep-
frequencyoscillatorthatprcxluceda sinewave,thefrequencyofwhich
increasedlinearlytithtime.Thex-tis oftheoscilloscopewasso
synchronizedwiththesweep-frequencygeneratorthat,inthePhotograph,
thex-axisisproportionaltofrequency.They-sxiswasattachedtothe
properoutput,therebycreatingan oscilloscopeimagecomparablewith
thefrequencyresponseinfigure5,withtheexceptionthatthescales
arelinearratherthanlogarithmic.Thedrag-singleresponseshown
shouldbe thesameaspreviouslypresentedinfigure5.

Thefrequencyresponseofenginespeedis interestinginthata
pronouncedminimumoccursbetweenzerofrequencyandresonance.At
this“antiresonance”frequency,disturbancesinrotorpitchhaveprac-
ticallyno effectonenginespeed.

Kl?hecorrespmdingtransientresponsetoa stepchangeinrotor
pitchisshowninfiguxe6(b].l!hehighlyunderdampedoscillatory
motionsuperimposedupontheexponentialdrifttowardeqti~briumis
obvious. Theoscillationsintorquehaveanamplitudealmostequalto
thetotalchangesintorqueproduced.

.——— ——. —..——— —.
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CONTROLSTABILITY
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Thestabilityofenginespeedandtorquecontrolswasinvestigated
usingtheanalogoffigure3(b)asa representationoftheengine.
Beforemakingthisstudy,however,itwasnecessarytoestimatethe
properdynamiccoefficientsfora largerotortomatcha gas-turbine
engineforwhichthedynsmiccoefficientswereknown.Inthissection
ofthereport,theeffectsofhelicopterweightonrotordynamicsare
firstinvestigated,anda rotortomatcha 2700-horsepowergasturbine
is chosen.Then,thestabilityofengine-speedandtorquecontrolsare
explored.

EffectofHelicopterWeightonRotorDynamics

Thegas-turbimeengineforwhichthedynamiccoefficientsarekmown
produces2700horsepower.Therotorforwhichthedynamicproperties
areknown(therotorstudiedinref.2) shouldbe usedwitha 210-
horsepowerengine.Thisrotorwastestedwitha 1350-horsepowerrecip-
rocatingengine.Ifthepower-weightratioofthehelicopterisassumed
to be 0.085horsepowerperpoundregardlessofweight,the2700-
horsepowerturbinewouldbesuitsblefora 32,000-poundhelicopter.

Thedhensions andprope~iesofa rotorsuitablefora 32,000-
poundhelicoptermaybe computedby useofthedatapresentedintable
II. Inthistable,twodifferentlawsof rotor weightareused: One
lawmakesthebladeweightproportionaltothehelicopterplanform
area,whereastheotherlawmakesthebladeweightproportionaltothe
three-halvespowerofthehelicopter,weight.Thefirstlawisprobably
closertowhatmaybe accomplished,buttheresultsaresanewhatopti-
misticinthattheweightofa largerotorwouldbe underestimated.

Theeffectofhelicoptergrossweightontherotordynamiccoef-
ficientsis showninfigure7. Thisfigurewascomputedusingthe
dimensionsoftherotorforthe2500-poundhelicopterandassumingthe
lawofdirectproportionalityintableII. Thedime~ionsofa rotor
fora 32,000-poundhelicopterwereestimated,andthecharacteristics
ofa gas-turbineenginehavi

T
a timeconstantof1 secondandan iner-

tiaof1.15pound-footsecond(applicableto 2700hp engine)were
assumed.Theenginetimeconstantandtheratiooftheinertiaofthe
enginetothatoftherotorwerethenassumedtobe independentofheli-
coptergrossweight.Theresonantfrequencyanddragangleandthefre-
quencyresponseofenginespeedtofuelflowweredeterminedwiththeaid
oftheelectronicanalogoffigure3(b).Theresultspresentedinfig-
ure7 showthatthedrag-an@eamplification,engine-speedsmplifica-
tioh,andresonsdfrequencydecreasewithincreasinggrossweightof
thehelicopter.Thesi@ficantparametersfora grossweightof
32,000poundsarelistedinthefollowingtabletogetherwiththose
applicbletothetestequipmentusedin securingthedataoffigure5:
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Parameter Helic@er grossweight,11
32,000 2500

Radiusofrotor,ft 68 19
Rotorspeed,radians/see 6.43 23.0
or,radians/see 1.46 5.22
Enginetiertiaat enginespeed, 1.15 .-----
lb-ftsec2

Enginespeed,radians/see 1497 ------
EngineinertiaatrotorspeedIe, 62,000 ------
lb-ftsec2

Ir/Ie 1.45 1.34
1/(%%) 0.324 0.0914
Ie %r
~ -J 0.462 0.26

Comparisonofthepropertiesofthelargehelicopterandthe6ma11.
helicoptercannotbemadebecausetheengineforthesmsllerhelicopter
wasa reciprocatingengineandthatforthelargehelicopter,a turbine-
propellerengine.

Controlsystem.- Thecontrolsystemsstudiedareshowninfigure
8. Figure8(ajshowsa proportional-plus-integralcontrolofengine
speedinwhichspeedis controlledbymanipulationoffuelflow.An
integratortimeconstant%i of 1.45secondsanda fuel-systemlag
TC of0.2secondwereusedthroughoutthestudSes.Therotorsystem
wassimulatedby theanalogoffigure3(b).Exceptwhereotherwise
noted,thepropertiesofthe32,000poundhelicopterwereused.

Effectoftorsionalmotionon controlresponse.- A directimpres-
sionoftheeffectofthetorsionalmotionon controlresponseandsta-
bilitycanbeobtainedbycomparingtheresponsesofanarticulated
rotorandtheresponseofa rigidrotorsystemhavingthesameinertia
andpowerinput.Thiscmparisonismadeinfigure9. Figure9(a)
showsthetransientresponseofthearticulatedrotorandfigure9(b),
theresponseoftherigidrotor.Computationsfortherigidrotorare
givenintheappendix.Thecontrolusedineachcasehada loopgain
of2.5.

Theoscillatorycontributionofthearticulatedrotoris evident
ina canparisonoffigures9(a)and9(b).A muchlargerovershootin
torqueoccurswiththearticulatedrotorthanwiththerigidrotor,
andthetimeto establisha newequilibriumismuchlongerwiththe
fomnersystem.

..——- --–– ——.——— –-–--——- —
-. ——.—.——— _ .—.———— —-- —
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As a matterofinterest,thetransientresponsesoftheengine
rotorsystmswitharticulatedandrigidrotorswithoutenginecontrols
areshuwninfigures9(c)and9(d).Thearticulatedrotorexhibitsan
underdampedhigh-frequencyoscillationsuperimposeduponan exponential
response,whereastherigidrotorexhibitsonlya smoothexponential
response.

It is concludedthatstablecontrolofenginespeedby fuelflow
canbe established,butthatthecontrolsystemwilJbemoreoscillatory
thanitwouldbe ifusedona perfectlyrigidrotorsystem.

Selectionofengine-speedcontrol.- Thecontrolwiththehigh
loopgain,2.5,neededforaccuratespeedcontrolshowsa 22percent
overshootintorque.Theovershootisdeterminedby scalingthetorque
infigure9(a).Thistorqueovershootmaybe practicallyeliminatedby
reducingthegain,as showninfigure10. Iuthiscasetheloopgain
wasreducedto0.9. Thelowloopgainis shuwntohavethedisadvantage
ofpermittinga largeexcursioninenginespeed.Thespeedexcursionat
thelowgainistwotimesthespeedexcursionathighgain.

Effectofgrossweighton speedcontrol.- Theeffectsofhel-icop-
tergrossweightondynamicresponseaswe13.asthedynamiccoefficients
areshowninfigure7. Itmaybe seenthatnotonlydidtheresonant
frequencydecreasewithincreasinggrossweight(aswouldbe expected),
butslsothatthedampingoftheresonantoscillationincreased,as
revealedby thedecreasingtrendintheratioofresonantamplification
to steady-stateamplification.Thiseffectisa resultoftheassump-
tionthattherotor-bladeweightisproportionaltobladeplanform
area.

Thecorrespondingvariationof controlbehatiorwithchangein
grossweightis showninfigureIl. me loopgainabovewhichcontinu-
ousoscillationoccursis showntoincreaseto a valueof3.7ata
grossweightof 20,000pounds,andfurtherincreasein grossweight
hasno effectonthisstability-t. Thisdecreaseinloopgainat
thelowgrossweightisattributableto thecomparativelylowdamping
oftherotor.Withthehighgrossweight,theloopgainis only3.7;
whereas,fora rigidrotor,theloopgainis17. Thusjthetorsional
motionoftherotorcontributesgreatlyto theinstabili~oftheengine
control.

Effectofrotorbladeweightoncontrol.- Aspointedoutinthe
sectionontheEffectofHelicopterWeightonRotorDynamics,the—
methodusedtoesttmaterotorweightmi~t givelowestimatedrotor
weightsforlargehelicopters.~ a methodthatgivesweightsthat
areprobablytoohighforlargehelicopters,theweightoftherotor
isassumedtobeproportionaltothevolumeoftherotorbladeand,
hence,proportionaltothethree-halvespowerofthehelicoptergross
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weight.Formulasforthedyusmicconstantsunderthisassumptionsxe
givenintableII. Extrapolationoftheinertiaofthesmald.rotorof
reference2 toa sizeadequatefora 32,000-poundhelicopterresultsin
~ inertiaIr/Ie of51.8as comparedwith1.45whenthelawofdirect
proportionisassumed.

Theeffectoftheinertiaratioonthemaximumstableloopgainof
theengine-speedcontrolis showninfigureIi?;thedimensionsofthe.
rotorwereheldconstant,andonlytheweightandinertiawerevaried.
As therotorweightisallowedto increase,themsximumpemissible
loopgaindecreases.Analysisforinertiaratiosabove11.6wasimpos-
siblewiththeparticularanalogequipmentused.

Transientresponsesofa helicopterhavinga rotorfourtimesthe
mass(inertiaratioof5.8)ofthatusedinfigure9 areshowninfig-
uxe13. Figure13(a)showsthatthetorsionaloscillationismuchless
dampedthanthatofthelighterrotor;thespeedresponsesare,of
course,nmchslowerthanwiththeHghterrotor.

Torquecontrol.- Thetorquecontrolshowninfigure8(b)wasin-
vestigated.Thiscontrolhadthesamecomponentsandcoefficientsas
thespeedcontrolexceptthatitwasfoundnecessarytoaddderivative
actionto thecalculator.me derivativettieconstant~d wasad-
justedtomeetthestabilityrequirementsofthecontrol.

Thetorquecontrolprovedtobe veryproneto oscillate.Diver-
gentosci~toryinstabilityoccurredabovea loopgainof 2.9,andat
lowerloopgainthesystemshowedoscillation.

A verymuoothresponsewasobtainedatthehighloopgainof4.1
whena derivativetimeconstantTd of0.6secondwasused. Thesystem
wasverysensitivetobothgainandderivativethe constantandwould
breakintocontinuousoscillationwitheithera highe~ora lowerde-
rivativethe constant.

Althougha torquecontrolcouldbe effective,itwouldhavea
strongtendencytooscillate.

CONCLUSIONS

Analysiswasmadeoftheeffectofthetorsionaloscillationsin
hingedrotorbladesina helicopteronthestabilityofenginecontrols
ona gas-turbineenginegearedto therotor.Theanalysisledtothe
followingconclusions:

———
. ._ .—- ——— ———
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1.Torsionaloscillationofthearticulatedbladescontributecon-
siderablytotheinstabilityofenginecontrols.Theunstabilizing
actionismoreevidentintorquecontrolby fuelflowthanin engine-
speedcontrolby fuelflow.

2.Increasingthemassofrotorbladesreducesthestabilityof
controlSysta, therebynecessitatinglowerloopgainsandresulting
in greaterexcursionsinrotorspeed.

3.Therotor-enginesystemmaybe representedadequatelyby two
rotatingmassesconnectedby a torsionalspring.Theresonantfre-
quencyanddampingwereaccuratelyrepresented,buttheamplitudere-
sponseaboveresonsmcewasunderestimated.

MS Flight~OpllkiORLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,August12,1953
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APPENDIX- RESPONSEOFRIGIDROTOR

Theresponseofa rigidrotorcanbe derivedby settingthedefl~c-
tion e in equations(5),(7),and(9)equaltozeroandsolvingfor
Ne. Theresultantequationsare

Ne(Ie-t-Ir)p=kpp +kyW+ (ke+%lNe (Al)

-Q6= kwW+ k@e - I#@ (A2)

Theseequations,whenreducedtothesamedtiensionlessparameters
usedforthearticulatedrotor,become:

N [1Ie kwwl
[1

kp ~ Ne 1 leTr+leP 1~+1
%% r

—-— —— + ~~r ‘~~r %= ~ -((jur %% lr~e

(A3)

()

Q6
~ kwlw Ierr 1 Ne IeNe p
—=~~~-~.~~-~--~ (A4)~:

Analogrepresentationsoftheseequationsareshowninfigure14.
Figure14(a)isa directrepresentationinrealthe andisa construc-
ti& ofe~tions (Al)and(A2).Figure14(b)isa
resentationandisa constructionofequations(A3)

Forthe32,000-poundhelicopter,thefollowing
found:

Ie
~+1=1,69
r

nondhensionalrep-
and(A4).

coefficientswere

——-— . __ _ .-.— ..— .— — —-————-—- — —— -———
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TABLEI. - DIMENSIONSANDPROPERTIESOFHELICOPTERROTORAND

ENGINEUSEDINTEST

[Datafromref.2g

Helicopterrotor:
Bladeradius,ft...... . . . . . . . . . . . . . . . . ..19
Bladeweight,3 blades,includingdrag-hingeasseuibly,slugs. . 7.7
Blademomentsofinertiaabouttheircentersof ~avity
(3blades),lb-ftsec2. . . . . . . . . . . . . . . . . ...224

Bladecenter-of-gravitylocationfromverticalpinaxis,f% . .5.76
Vertical-pin-axislocationfromcenterofrotation,ft . . . . 0.757
Drive-shafttorsionalstiffness,ft-lb/radian. . . . . . . .43,800
Effectivemomentof inertiaofengineandgearingrefer-
encedto rotorshaftspeed,lb-f%sec2. . . . . . . . . . . . 410

Rotorshaftspeed,radians/sec. . . . . . . . . . . . . . ...23
Shafthorsepower.. . . . . . . . . . . . . . . . . . . . . . . 126

Engine:
Ratedhorsepower.. . . . . . . . . . . . . . . . . . . . . . 1350
Ratedenginespeed,rpm . . . . . . . . . . . . . . . . . . . 2400
Enginespeedattestconditions,rpm. . . . . . . . . . . . . 1320
Helicoptergrossweight,lb . . . . . . . . . . . . . . . . . 2500

——
___ ——.— —. —
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TAHLEII.- EFFECTOFHELICOFIERGROSSWEIGHTONROTOR

DIMENSIONSANDPROPERTIES

IProportionalThree-halvee
(a) (b)

Horsepower
Ir

2
%
%
%
z
I:

‘e
lJ1e

l/(z#.11.J
Ie Zr

CL

L2
L1/2
L
L

I/L1/2
L2

constant
L2

constant
constant
L1/2

L1/2

Constant

L~/2
L1/2
L3/2
L3/2
l/L1/2
L2
L1/2
L2

constant
L3/2

Constant

%otorweightassumedproportionaltoplan
formarea.

bRotorweightassumedproportionaltothree-
halvespowerofbladeplanformarea.

cGrossweightofhelicopter.
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